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Counterexample—An Inadmissible Estimator which is
Generalized Bayes for a Prior with “Light” Tails

Lawrence D. Brown*

Rutgers University and Cornell University

Communicated by A. Cohen

Previous work on the problem of estimating a univariate normal mean under
squared error loss suggests that an estimator should be admissible if and only
if it is generalized Bayes for a prior measure, F, whose tail is “light” in the
sense that | :O fFYx)dx = © = j':lm f*1(x) dx, where f* denotes the convolu-
tion of F with the normal density. (There is also a precise multivariate analog
for this condition.) We provide a counterexample which shows that this sug-
gestion is false unless some further regularity conditions are imposed on F.

Consider the much discussed problem of estimating a p-variate normal mean
having identity variance-covariance matrix when using squared-error loss.
Let F denote a generalized prior (= non-negative measure) over the parameter
space, O = R?, of unknown means. Let 87 denote the corresponding generalized
Bayes procedure. Thus

_ Jbole = O)FUD) _ V) "

= e — O Fd) T )

where ¢ denotes the standard normal density and

£ = [ ol — O)F(d9).

It is known (Brown [I, Theorem 3.1.1]) that every admissible procedure is
of this form with

f¥x) < o Vx € R?. (2)
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Not all procedures of the form 8 are admissible. When p = 1 we say that
F has a heavy tail if

f’ (Lf*#) de < o o f:a/f*(x))dx < o. 3)

If the tail of F is not heavy then it is light. More generally (p > 1), the tail of F
is “heavy” if the differential equation V - (f*Vk) = 0 has a bounded non-
constant, differentiable solution on {x: || x| = 1} satisfying k(x) = 1, || x| = 1.
In Brown [1, p. 885] it is shown that 8 is inadmissible if the tails of F are heavy.

Stein’s method. A more elementary proof of this fact proceeds, in outline,
as follows: Let 8y be a generalized Bayes procedure with everywhere finite risk.
Stein [5] has shown that if 8(x) = 84(x) + Vk(x)/k(x) for some continuously
differentiable function, & > 0,

Eo(|85 — 017) — Eo(l 8 — O1P) = Eo[(—2V - (f*VE))[f*k + || VRIE[F]  (4)

so long as Ey}| VE/E|?) < o0, Y8 € R?, The condition that the tail of F be heavy
is equivalent to the existence of a suitable function 2 which is subharmonic
(relative to f *) in the sense that

V-(f*VE) <0 VxeR2 (5)

Obviously, when such a function, &, exists the expression (4) shows that & is
inadmissible.

The major part of Brown [1] is devoted to establishing the converse result:
6 is admissible if the tail of F is light. This result is established there only under
certain mild additional regularity conditions. (These conditions are slightly
weaker than the condition that 8 have uniformly bounded risk.) At the time
these conditions appeared to us to be merely technical ones, required by certain
inadequacies of our method of proof. Indeed, Srinivasan [4] has recently proved
this admissibility result under notably milder conditions than ours. More
compelling yet, mathematical aesthetics appeal for a reversal of the elegant
argument involving Stein’s method.

Unfortunately this appeal cannot be satisfied. The following counterexample
shows that there do exist priors with light tails for which the generalized Bayes
estimator is inadmissible. Naturally the prior, and corresponding procedure,
are weird; for the results of Brown and Srinivasan show convincingly that any
such counterexample must be peculiar.

Contruction. Let p = 1. The prior, F, will put mass m; on the point a,,
=0, 41, +2,..., where =, = #_;, and a_; = —a;. The values a;,n;,
i = 0, 1,... are constructed by induction along with values p;_, as follows:

Let qy =0, wy = 3, and let p_; > 0 satisfy myp(p_;) = 1/10. Note that
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p-1 > 2. Given a; , 7; , and p;_, inductively define p; = (1 — P2p,_, -+ 3))~*/2
-+2 where @ denotes the standard normal C.D.F., and

iy =a;+pia+ 1+ pss and
T'z'_+11 = 10¢(p;).

For convenience let b, = a; + p; ;. Note that mp(b; — a;) = 1/10 and
@;1 =b;+ 1+ p,. See Figure 1.

2 Pig A-) Picy
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F1c. 1. Relative positions of a;, b;, p; .

Verification. It must be shown that f*(x) < o0, Vx € R, that the tails of F
are light, and that 8 is inadmissible. This verification will be carried out in
several steps.

Briefly, it will be shown that f*(x) is small for b, <|x| <b;+ 1 (f = 0)
which implies that f*(x) < co and that the tails of F are light. Then it will be
shown that 8y(x) is very near a; when b, ; + 2 < x < b; — 1. Thus if, for
example, § = a; (i > 1) then 8y is very near 8 with probability nearly one; but
there is a very small probability that # < b,_; — 1 or & > b; 4 2 and when
this occurs | 8x(x) — a; | is approximately p; 4 p,_; + 1, and p, is so huge that
overall R(6, 8y) > 1. Similar reasoning extends to all values of 8 and will be
made precise to show that R(6, 8;) > 1, V0 € R, and hence 3, is inadmissible.

L mplx —a) <(1/10) exp{— | * —a; [ (I ¥ — & | — pla-0)f2} <

(1/10) exp{—( % — a; | — pl—*/2Z} if | x — a; | > pjija; ¢ = 0, £1L,.....
Proof. Suppose x > 0, then mo(x — a;) = (1/(27)*/?) 7, exp{—(x — ¢ +

¢ — @,)2} = (1/(2m)**)m; exp{—(c — a;)|2} exp{—(x — ¢)(c — a;) — (x — ¢)*[2}
< (12} 2)m; exp{—(c — @:)*/2} exp{—(» — a;}(x — ¢)[2}if (x — ¢)(c — a;) > 0.
Choose ¢ = a; + pj;j1 if x > a;, or ¢ = a; — p;_, if x < a;, and apply the
above while noting that (1/(27)Y/2)m; exp{—(c — a;)*/2} = mp(pj;1—1) = 1/10.
The result for x < O follows by symmetry. J

I Ifb, <|x| <byy,t=0,l,..., then f*(x) < 2/5.

Proof. The following is for x > 0. The proof for x < 0 is symmetric.
FH@) = Tiie mp(® — @) = Tily meysp(® — i) + Yico Tiosp(® — @i y)-
Note that ¢; — a;,_; = p;_y + 1 + p;_; > 1 (actually, >1), for ¢ > 1. Hence
Timt T Pl® — @) < (1/10) Ly exp[—(j — 1)%/2] < 1/5 by 1. Similarly
Lm0 TigP(® — a;5) < 1/5. 11

We will later also need:
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III Ifb, , + 2 <x <b; — 1 then Zj=z+1 mp(x — a;) < 1/10 and
21—-00 mip(x — aa) < 1/10

Proof. Similar to II. |

ProrosITION 1. f*(x) << o0 Vx € R, and the tails of F are light.

Proof. Note that {w:f*(x) << 00}D{w:b; <|x|<b;+1} by II and
{oe: f*(x) < oo} is convex; see e.g. Lehmann [3, p. 31]. Hence f *(x) < o VxeR.
By 1T [Z5 (1/f*(x)) dx = [1 Qf (%)) dx > (5/2){max: b, + 1 < B} — oo as
B — o0. Hence the tails of F are light by (3). |

IV. Ifa>by+ 1(i>1)then T, (x—a) mp(x — @) < 2/5.If
® < b; (i > 0) then 37, (a; — x) mop(x — a;) < 2/5.

Proof. If x>b;;+1 and j<<i—1 then (x—a)mplx—a) <
(1/10)(x — a;) exp[—pisi1(¥ — @& — pis11)/2 — (¥ — @ — pi51-1)*/2] by L. But,
& — a;— piji-1 > 1 and pj;;_, > 1 so that (x — a;) exp(—p;1_o(¥ — a; — p1;1-1)/2)
< max{t exp(—e(t — ¢)/2): ¢,t31 < ¢ < t—1} = 212 < 2. Thus
Y w (x — a)) mplx — a5) < (1/10) Zj_., 2 exp(—(x — a; — piy1_0)*2) < 2/5
as in the proof of II. The second assertion of IV is proved similarly. ||

V. Ifb; + 2 <x <b;— 1(t = 1) then mp(x — a;) > (1/10) elos171/2
> 2/5.

Proof. 10mg(x — a;) = mp(x — a;)/mp(p;1) = exp{(pialpia — | * — a; )
— (pi1 — | ® — a;1)}2)} = exp(p;_y — 1/2) since the condition on x is equiv-
alent to (p;_; — | ¥ — a; |) > 1. The second inequality follows since p, ; > 2. |

VI Ifb i +2<x<b—1(G=>1)then | 8(x) — a;| < 2.

Proof. 8s(x) — a; = T;__ (& — @) mp(x — @)[X;__, mp(x — a;). Hence

(Op(x) — )t < i (a, — a;) B — %) '”J‘P(x a;)

j=i+1 5 (p(x - az)

— {Z (aj—x—[—x——ai)"—ﬂ-o(i———i"l

j=i+1 mp(x — a;)
< QIS Y, (@ ) mpls — &) + (110) polmrts — )

since mp(x — a;) > 2/5 > 1/10 > ¥ ;.1 me(x — a;) by V and III along with
x — a; < p;_y - Applying 1V and V yields

(3r(x) — @) < (5/2)2/5) + pige "2 < 2.

A similar inequality applies to (8z(x) — a;)~. 1
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ProrosiTION 2. R(6, 8y) = Ey((85(X) — 0)%) > 1V0e R. Hence 8¢ is in-
admissible.

Proof. Let b, <O0<b (i>1). Then PrfX>b+2)=1—
Db, +2—6) 21— D(2p;_; + 3). Furthermore, when x > b, + 2 then
() — 07 = (@up1 — 6) -+ (55(x) — 20,2 > ((py + 1) — 2 = (ps — 1} >
(p: — 2)? by VI and the monotonicity of 85 . Thus

R(6, 85) > (p; — 21 — D(2p;_, + 3)) > 1.

The same basic argument applies when —b, < 8 < 4,. Finally, R(, §;) =
R(—#, 8r) by symmetry. Hence R(8, 8) > 1 V8 € R. The minimax estimator,
defined by 8(x) = x, has R(f, 8) = 1. Hence R(f, 8) < R(6, 8z) VO R and §;

is inadmissible. ||
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